The traffic of molecular motors which interact through mutual exclusion is studied theoretically for half-open tube-like compartments. These half-open tubes mimic the shapes of axons. The mutual exclusion leads to traffic jams or density plateaus on the filaments. A phase transition is obtained when the motor velocity changes sign. We identify the relevant length scales and characterize the jamming behaviour using both analytical approximations and Monte Carlo simulations of lattice models.
Introduction
Biological cells exhibit complex patterns of intracellular traffic: vesicles shuttle between different cellular compartments, others travel from the cell centre to the periphery or vice versa, but also filaments, RNA, chromosomes, and even viruses are permanently on the move within cells [1, 2] . An extreme example is the long-ranged transport of vesicles, organelles, and proteins along the axons of nerve cells [3] , which can be up to a metre long. All this traffic is based on the molecular motors kinesins, dyneins and myosins, which move along cytoskeletal filaments [2, 4, 5] . These motors catalyse a chemical reaction, the hydrolysis of ATP (adenosine triphosphate), and transform the free energy released from this reaction into active movements and mechanical work. In the following, we focus on processive cytoskeletal motors which can make many chemo-mechanical steps while staying bound to a filament, in particular on the large-scale traffic driven by these motors [6] .
These molecular motors exhibit movements on several time and length scales which range between nanometres and millimetres or centimetres (up to a metre in axons) and between microseconds and days, respectively [7] .
(I) The single step of a motor typically has a size of the order of 10 nm, and is generated through the amplification of nanometre-sized conformational changes in the catalytic domain of the motor. The chemical cycle takes typically of the order of 10 −2 s, but the actual physical displacement is much faster, being almost instantaneous on this timescale. (II) On scales of one or a few microns, the motors perform active walks along cytoskeletal filaments and move in a directed fashion with a velocity of ∼1 µm s At the left end, the system is connected to a motor reservoir with fixed bound and unbound densities ρ b,in and ρ ub,in , while the right end is closed. Motor particles bound to the filament perform active movements with velocity v b , while unbound motors perform symmetric diffusion with diffusion constant D ub . In the lattice models, these movements are described by the forward step probability α on the filament and the symmetric hopping probability 1/6 to each neighbour site for unbound motors. In addition, unbound motors which reach the filament bind to it with probability π ad , and bound motors unbind from the filament through steps to adjacent non-filament sites which occur with probability /6 per non-filament neighbour site. The motors interact via hard core exclusion.
In the appendix, the same method is applied to the closed tube system studied in [6, 28] . We close with a short summary of our results.
The model
To mimic transport in an axon, we study the traffic of motor particles in a half-open cylindrical tube with a single filament located along its cylinder axis. The tube has length L and radius R. The bound motors move along the filament and the unbound motors diffuse freely within the cylinder; see figure 1(a). At the right end, the tube is closed, i.e. no motors can leave or enter the system. This mimics the synaptic terminal of the axon. At the left end, the system is coupled to a motor reservoir which represents the cell body and provides fixed bound and unbound motor densities ρ b,in and ρ ub,in , respectively. Each motor can be in two states: bound to the filament, where it moves actively to the right with velocity v b , and unbound, where it performs symmetric diffusion with diffusion constant D ub . The filament is taken to lie along the x-axis, so that the system is characterized by the bound motor density ρ b (x) and the unbound motor density ρ ub (x). As in [26, 28] , we neglect the variation of the unbound motor density ρ ub with the transverse coordinates y and z.
The motors can unbind from or bind to the filament. Since the motors are strongly attracted by the filament, the binding rateπ ad is taken to be large compared to the unbinding rate˜ . When motors come close to each other, they may interact. In our simple model we include only hard core exclusion, which prevents motors from occupying the same site. In a mean field treatment, this can be taken into account by using exclusion factors of the form
We are interested in the stationary states of the system. Since the right tube end is closed, the net current vanishes in the stationary state. Thus, the directed bound current of motors,
, and the unbound diffusive motor current, −φ D ub ∂ ∂ x ρ ub , must balance to give zero total current:
Here the unbound diffusive current has been integrated over the tube cross section. The prefactor φ describes the area available for unbound diffusion. For large radii R, φ ≈ π R 2 . Furthermore, in the stationary state, the in-and outgoing currents balance on any filament site, which leads to
where the small diffusive part of the bound current has been neglected. The change of the bound current drives the system out of adsorption equilibrium, for which the binding term π ad ρ ub (1 − ρ b ) and the unbinding term˜ ρ b (1 − ρ ub ) would be equal, i.e.
For simplicity, we assume that the boundary densities at the left boundary, ρ b,in and ρ ub,in , fulfil this adsorption equilibrium condition (3) . In addition to studying equations (1) and (2) by analytical approximations, we use Monte Carlo simulations of lattice models as in [6, 26] to obtain the stationary density and current profiles. In the simulations, the motors are represented by random walkers on a cubic lattice with lattice constant ; see figure 1(b). A line of lattice sites represents the filament. Motors at the filament sites perform a biased random walk, while motors at non-filament sites perform symmetric random walks. The jump probabilities per unit time τ are α, β and γ for a forward, a backward and no step at filament sites, respectively, and 1/6 for steps to each neighbour site at non-filament sites. In the following, we use β = 0 for simplicity. Unbinding from the filament occurs with probability /6 to each adjacent non-filament site, and unbound motors which reach the filament bind to it with probability π ad . Exclusion is implemented by rejecting all hopping attempts to sites which are already occupied by another motor. The hopping rates of the lattice models are matched to the transport properties of the motors via τ = 2 /(6D ub ), v b = α ,π ad = 4π ad /6 and˜ = 4 /6, see [6, 26] and appendix C in [7] (where˜ is denoted by 0 ).
Steady states and relevant length scales
When the motors on the filament move to the right, i.e. for v b > 0, they jam up at the closed right end until the tube far from the left boundary is completely filled with motors. In the bulk of a long tube, one thus has bound and unbound motor densities ρ b = 1 and ρ ub = 1. Indeed, these density values are a fixed point of equations (1) and (2) . Within a boundary region at the left end, the densities cross over to the boundary values ρ b,in and ρ ub,in .
Likewise, if the motors on the filament move to the left, i.e. for v b < 0, they are driven out of the tube at the left end, so that the bulk is left empty with ρ b = 0 and ρ ub = 0, which is another fixed point of equations (1) and (2) . However, a boundary region at the left end survives, fed by ingoing diffusion. Typical motor density profiles for this case are shown in figure 2(a). They display a 'jam' region at the left end, separated from the 'empty' bulk region by a localized domain wall or shock. The system is thus characterized by two length scales: the bulk length scale ξ , on which the densities approach their the bulk values and which is independent of the boundary densities, and the jam length L * , which describes the width of the jammed boundary region and which, of course, strongly depends on the boundary densities.
On tuning the motor velocity v b , the system displays two phases, a high and a low density phase, which are dominated by the closed right end. Taking the bulk density as order parameter, one has a phase transition at v b = 0. As will be shown both in analytical approximation and in Monte Carlo simulation, both characteristic length scales ξ and L * diverge with the power law 1/v b as the motor velocity v b approaches zero.
In an experiment, this limit can easily be realized by reducing the concentration [ATP] of the motor fuel ATP, since for small [ 
. Changing the sign of v b is much more difficult; one possibility is to use motor particles driven by motors of two species with opposite directionality, so that one could invert the movement by activating one motor species while deactivating the other. If these motor particles switch stochastically between the two directions, one could change the sign of their average velocity by influencing the switching rates through regulatory molecules. For example, tau proteins which strongly suppress movements towards the synapse in axons can induce the retreat of vesicles into the cell body [33] .
For v b = 0, i.e. when there is no active motion of the motors, the system is in thermodynamic equilibrium, and the adsorption equilibrium as described by equation (3) figure 3 ; the control parameters are the motor velocity v b and the left boundary density ρ b,in .
To examine the bulk behaviour, equations (1) and (2) are linearized around the appropriate fixed point. In the case of motors moving to the left (v b < 0) with bulk values ρ b = ρ ub = 0, the linearization leads to an exponential density profile with
with the bulk length scale
where
are the average walking distance on the filament before unbinding and the average diffusion distance before binding of a motor, respectively. The approximation in equation (5) is valid for small motor velocities v b . The exponential behaviour near the bulk value is in agreement with simulations.
In the case of motors moving to the right, the same reasoning leads to an exponential approach of the bulk values ρ b = 1 and ρ ub = 1 with the length scale
where 
The jam region
In the following, we will focus on motors moving to the left, i.e. on the case v b < 0. The case of motors moving to the right can easily be deduced as above by invoking particle-hole symmetry. Left-moving motors jam up in front of the left boundary, leading to a boundary dominated length scale in the system, the jam length L * . In the jam region, the motors move slowly and thus 'have time' to equilibrate with the unbound motors before moving on. This separation of timescales leads to approximate adsorption equilibrium
at every filament site x.
Density profile and jam length
With the adsorption equilibrium approximation as given by equation (8), one can eliminate ρ ub from the current balance equation (1), which leads to
where the dimensionless constants have been introduced. The desorption constant K is the ratio of unbinding to binding rate, while the dynamic constant V is the ratio of the time t ub = L 2 /(φ D ub ) needed to diffuse over the filament length L to the time t b = L/v b needed to walk this distance. Separation of variables, decomposition into partial fractions and subsequent integration of equation (9), using the boundary condition ρ b (0) = ρ b,in , leads to an implicit equation for the bound density ρ b :
The function
is a continuous, monotonically increasing, and thus invertible function for 0 ρ 1 and respects particle-hole symmetry, which is equivalent to g(1 − ρ, 1/K ) = −g(ρ, K ). In the jam region, the profiles obtained from equation (11) agree nicely with the Monte Carlo profiles, while they differ in the shock and the bulk region, where adsorption equilibrium is no longer a good approximation; see figure 2(a). In figure 2(b) , we also show the corresponding profiles of the bound current j b = v b ρ b (1 − ρ b ), which exhibits a maximum close to the domain wall between the jammed and the bulk region.
We therefore use the position of the current maximum as a definition for the jam length L * . In the jam region the current is low due to a too high motor density while on the other side of the shock there are too few motors, also leading to a small current. As the maximal current is obtained for ρ b = 1/2, the jam length L * is given by
Note that the jam length L * is positive only if ρ b,in 1/2. For smaller boundary densities L * < 0, which implies that the domain wall is located outside the tube, which then does not exhibit a motor traffic jam. The jam lengths determined from equation (13) 
The case K = 1
In the special case K = 1, where binding to the filament and unbinding from the filament occur with the same rate, the implicit equation (11) for the density profile can be inverted and leads to the density profile
The jam length L * in this case is given by
The average bound current
In order to characterize the overall transport in the system we consider the average bound current [6] , which is defined by
Since the bound density is essentially zero in the bulk, the bound current
has large absolute values only in the boundary region near the left end. It is thus appropriate to use the jam region approximation of section 4.1 to calculate the average bound current J b , which leads to
For large system size L the right boundary density vanishes, and thus the average bound current is given by
Interestingly, as V ∼ v b , the current J b in the thermodynamic limit does not depend on the motor velocity v b . This is because the jam length L * decreases as 1/v b , thus cancelling the expected J b ∼ v b behaviour. The average bound current from equation (17) agrees well with the current from the Monte Carlo simulation, see figure 4(a). As a function of the left boundary density ρ b,in , it displays a maximum absolute value at a density ρ max b,in . This density thus optimizes the motor transport in the system. It can be calculated via
The last expression follows from
which is obtained by differentiating (11) , taken at x = L, with respect to ρ b,in . As g (ρ b,in ) > 0 for 0 ρ b,in 1, a current extremum can occur only for
Since equality of the densities at the left and right end occurs only for a completely full or completely empty tube, the condition for extremal current is
Using this condition in equation (11) with x = L, one obtains the density that extremizes the average current from
The theoretical calculation agrees well with the simulation results; see figure 4. The current extremum occurs when the tube is approximately full, i.e. when the jam length L * is only slightly smaller than the tube length L. This is consistent with the assumption that the average current is mainly supported by the jam region, on which the use of the adsorption equilibrium approximation for the calculation of the average current is based.
In the limit of large L, one must thus jam up an infinite tube, for which one needs a boundary density ρ b,in = 1. For this case, equation (23) can be inverted approximately, which leads to
i.e. the maximum density unity is approached exponentially for large L.
Summary and conclusions
We have studied the molecular motor traffic in half-open tube-like compartments and characterized the traffic jams which result from the mutual exclusion of motors. In particular, we have obtained analytical results for the jam length and for the parameters which optimize the traffic in these compartments. However, although the current within these compartments can be optimized, the stationary state of these half-open tubes is always characterized by a density which approaches either one or zero far from the open end (with a phase transition separating these two cases). Long tubes are therefore either essentially filled or essentially empty. In axons which are mimicked by this tube geometry, additional regulatory processes are therefore necessary to maintain efficient stationary transport.
These effects are not restricted to the tube geometry but apply generally to systems which are coupled to a particle reservoir at one end and which have two types of channels 'perpendicular' to this surface, one with asymmetric directed and one with symmetric diffusive transport. 
Appendix. The closed tube
So far, the motion of motors in a half-open geometry has been considered. A related system is one with closed boundaries at both ends, which has been studied in [6, 28] . In this case, motors cannot enter or leave the system, and the total number of motors within the tube is fixed:
For this closed system, the same arguments as for the half-open system can be applied; however, the integral constraint (A.1) makes the analysis more complicated. Typical profiles for the closed system and motors moving to the right (v b > 0) are displayed in figure A.1(a) . The profiles show the same two characteristic length scales as in the case of the half-open system: the bulk length ξ and the jam length L * . The bulk length ξ , which is independent of the boundary densities, is again given by equation (5) .
Depending on their direction of motion, the motors jam up at one of the closed ends. In this region, the motors move slowly, and the adsorption equilibrium approximation (8) can be applied, which leads again to an implicit equation for the bound density:
with the function g as defined in equation (12) . This equation corresponds to equation (11); however, the left boundary density ρ b (0) is now unknown. It can be determined from the particle conservation constraint (A.1), which for adsorption equilibrium can be integrated and leads to
with the function with an extremum as a function of the particle number N at
Thus, from equation (A.3), the maximum occurs for the particle number
The results for the average current agree quite well with the simulation results; see figure A.1(b). Only near the current extremum is the Monte Carlo curve slightly sharper than the curve from the adsorption equilibrium approximation, which leads to a different value for the current extremizing particle number N max . For a very long tube, the current extremum occurs at particle number
with h(K , φ) =
, and thus approaches 1 1+K 2 for large L.
